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Abstract 

We treat a quantum mechanical system with certain general properties which are 
expected to be common in macroscopic quantum systems. Starting from a pure initial 
state (which may not describe an equilibrium) in which energy is mildly concentrated 
at a single value, we consider a time evolution determined by a time-dependent Hamil- 
tonian as a model of an adiabatic operation in thermodynamics. We take a family of 
operations with the same procedure and various "waiting times." Then the minimum 
work principle is rigorously proved for almost all choices of the waiting time. 

To develop a microscopic understanding of the second law of thermodynamics [p]], which 
is one of the most perfect macroscopic laws in physics, has been an unsolved fundamental 
problem. If one puts aside the problem of "thermalization" and starts from equilibrium 
states in the sense of statistical mechanics, then one can reasonably derive the second law 
in some situations [|], [|. 

In the present paper, we make a further step by discussing a rigorous derivation of the 
second law directly from quantum mechanics without referring to statistical mechanics. More 
precisely, we model adiabatic operation in thermodynamics as a time evolution according to 
a time dependent Hamiltonian || in a closed quantum mechanical system. We assume 
that the system has certain general properties (such as the existence of extensive entropy, 
nondegeracy and non-resonance of the energy eigenvalues) which we expect to be common 
in macroscopic systems. We take the initial state to be a pure state in which the energy 
is concentrated at a single value, but not too sharply. We consider a family of operations 
with the same procedure but with various "waiting times." Then we prove, for large enough 
systems, an inequality corresponding to the minimum work principle for almost all choices of 
the waiting time. The initial state may or may not correspond to a macroscopic equilibrium 
state. Thus we are dealing also with the problem of "thermalization" (although in an indirect 
and incomplete manner). 

Setup and main results: We consider a quantum mechanical system characterized by 
a single parameter V > (the volume) which can be made as large as one wishes. For 
each V we fix two Hamiltonians H [nit and H^ n which have (infinite) discrete eigenvalues 
Ej and Ej (j = 1,2,...), respectively. We assume Ej < Ej + i and < Ej < E'j +1 for 
any j. (For simplicity, we do not make explicit the ^-dependence of the Hamiltonians, the 
energy eigenvalues, and the eigenstates.) We have assumed the energy eigenvalues of H init 
to be nondegenerate. We further assume that these eigenvalues satisfy the non-resonance 
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condition, i.e., 



Ek = Ee — E m ^ implies j = I and k = m. We expect that a generic 
Hamiltonian of a macroscopic quantum systems satisfy these conditions ||. 

We assume that -f/mit and Ha n have well-behaved thermodynamic limits as V — > oo in 
the following sense. Define the number of states flv(E) to be the number of eigenvalues 
Ej of if init such that Ej < E. We assume that there are ^-independent constants C\ > 0, 
C 2 > 0, a, b, and a smooth increasing function s(-), and the number of states satisfy 



dV a exp 



y-4 



< Q V (E) < C 2 V b exp 



which is an expected behavior in a macroscopic system with the (infinite volume) entropy 
s(e) = limy^oo V^ 1 \ogQv(Ve). We also assume that there are V^-independent smooth func- 
tions /(■), gfi(-) and 



V J \V 



1 (E; 



(2) 



for any j. (Throughout the present paper, ^(-) is a function which appears as an unimportant 
coefficient of a "small" term.) 

In order to describe an adiabatic operation of an outside agent to the system, we choose 
(for a fixed V) an arbitrary time-dependent Hamiltonian H (-) such that H o (0) = if init and 
Hq(T) = Ha n . For an arbitrary r > 0, consider the same operation executed after a "waiting 
time" of r, which is described by the Hamiltonian H T (-) defined as 



H T (t) 



H-„ 



for < t < t: 



H (t-r) for r<t<T + r. 



(3) 



and 



It is essential in our approach to investigate the family of operations with a fixed Hq( 
various "waiting time" r. 

For a fixed r > 0, let U T (-) be the solution of idU T (t)/dt = H T (t)U T (t), and define 
U T = U T (T + r) which is the unitary operator representing the whole operation. 

Let tfj and <p'j be the normalized eigenstates of the Hamiltonians ifi n it and iffi n , respec- 
tively, with eigenvalues Ej and Ej. Then we define a unitary operator U s \ ow by U s \ ow (pj = <p'j. 
Recalling the "adiabatic theorem" in quantum mechanics, one may interpret U s \ ow as de- 
scribing the time evolution in an operation where the Hamiltonian changes from H init to H^ Q 
in an infinitely slow manner. 

We assume that the system is initially in a normalized pure state yVit, an d require that, 
in y?init, the energy is concentrated around a single value, but not too sharply. (It is trivial to 
extend all the results to mixed initial states.) More precisely we expand it as <£>i nit = J2j £j<Pj, 
where £j are complex coefficients, and assume that 



6 = if 



v~ eo 



> c,v- 



where €q, C3 > 0, and < 5 < 1 are (^/-independent) constants, and 
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for any j. Note that this upper bound for |^| 2 is quite mild since the number of allowed 
basis states (which is f2y(e V + C-^V 1 ^ 6 ) — f2y(e V A — C^V 1-5 )) is much larger than Q v { e oV) 
if V is large. (From (|l]), we find it is larger by a factor of exp(C , 3s'(eo)^ 1- ' 5 ).) There is a 
huge freedom in the choice of £ 3 - within the restrictions @ and ([5]) . In particular, we are not 
assuming anything like all the eigenstates with energies in a finite range appear with equal 
weights. We expect that generic macroscopic states (which, unlike Schrodinger's cat states, 
have more or less determined energies) automatically posses similar properties f7|. 

Now suppose that the system is initially in the state y^init, and one measures the energy 
(described by H^) after the operation. The energy expectation value after the "slow" 
operation is 

-^slow = (V^init, ^sTow-^fin^slow^init) = l^^'j- (6) 
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and that after the operation described by H T is 

K = (Vi™uU~ l Hs J JJ T <p- mit ). (7) 

Then our result is as follows. 



Theorem: Take an arbitrary family of models with H init , H^ n) Hq(-), and y9 init satisfying 
all the conditions stated above. Then for sufficiently large V, there exist r max and a subset 
/ C [0, r max ] such that 

Vs(e Y 

> 1 — exp 

fmax 

where \I\ denotes the "total length" of the set J, and for any r G / we have 

Y > - 92{eo)v ~ S (9) 

where g 2 (-) is a (V-independent) function which depend only on Ci, C 2 , a, b, 5, s(-), /(■), 
and 

The theorem says that the inequality @ holds unless one happens to choose the "waiting 
time" r from a very exceptional set [0,r max ]\/. Since the proportion of the exceptional set 
is exponentially small in V, there is practically no chance of observing the violation of (§) 
when V is large (provided that one takes the waiting time long enough). 

Now the inequality (|9|) implies 

W T Wslow , . s . . 

Y - — y 92{e )V , (10) 

where W T = E T - (v9 init , Finit^init) and W sXov = E s i ow - (<p init , H init ip init ) are the works done 
by the agent to the system during the operations. When V is large, the inequality ( |T0"D 
becomes W T /V ^ W s \ ov/ /V, which is nothing but the minimum work principle (for a 
closed system) in thermodynamics ||. Since the minimum work principle is expected to 
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hold for an arbitrary operation applied on a thermodynamic equilibrium state, the present 
result shows (although in an indirect manner) that an equilibrium is attained after sufficiently 
long "waiting time" 

We note that the minimum work principle for closed systems is one of the fundamental 
forms of the second law for simple systems, and other forms (such as the Kelvin's principle 
or the law of entropy increase) can be derived from it by suitable thermodynamic arguments. 
Moreover this form of the second law does not rely on definitions of heat or entropy, which 
are always delicate. It depends solely on the notion of energy transfer which is the ultimate 
object to be studied in thermodynamics. 

Proof: From (f|), (|4j), and (@), we see 

^ < f(eo + C 3 V-*) + Si^ + CsV-^ ^ (n) 

which implies 

^<f + 93(eo)V~ s , (12) 

where E = Vf(e ), and g 3 (-) is a ^-independent function. 

Since H &n is unbounded in general, we introduce a bounded operator H = E{1 — P) + 
H& n P where P is the orthogonal projection onto the space spanned by f'j with j such that 
Ej < E = Vf(eo). H behaves exactly as iffi n for energies lower than E, and behaves as a 
constant otherwise. Let E T = ((fimt, U~ l HU T ^- m \t). Since H^ n > H, we have E T > E T . We 
shall prove @ with E T replaced by E T , which automatically leads to the desired result for 
E T . 

By noting that U T = Uq exp(— iHy^r), we see that 

hi' 

= J2C J ^exp[t(E J -E f )r}(^,U - 1 HU oVf }. (13) 

3,5' 

For a function f T of r, we denote its "long-(waiting-)time" average as 

%= lim I I" drf T . (14) 



5^oo S JO 

Since the assumption of nondegeneracy implies e i ^ Ei ~ E i'' T = 5jj', we have 

E~r = 'E\£i\ 2 <<Pj,Ut 1 HU Q <p j ) 
j 

= H \^\ 2 (^5^ U o 1 ^k)( ( fk^^' k )(ip' k ,U ^ j ) 

3,k 

= Y.U 2 ^A (is) 

3,k 
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where = | (<fj, Uq (p' k ) | 2 , and = (ip' k , H<p' k ) = mm{E' k ,E}. Because of the unitarity, 
(a^fc) is a doubly stochastic matrix Jy], i.e., it satisfies < a:^ < 1 and J2j a j,k = J2k a j,k = 
1. Let j(-) be a permutation of integers such that \£j(e)\ > Then one can easily 

prove [|TJ] that 

oo 

Er = E ie,f«i,^ > E lOwi 2 ^- (is) 



Let = £V(^o - C Z V X ^_). Then, by using ©, ©, £ = \//(e ), @, (©, and flU), we 
can estimate the average E T as 



fc=n_ 

oo 



fe=n_ 

oo 

> {^/^-^-^-^(eo-CaV- 5 )} E fowl 



|2 



> {£ - ^(eo)^ 1 - 5 } {l - ^^expf-n^eo) - *(e - ^3^ 5 )}]} 

> {£ - ^(eo)^ 1 - 5 } {l - exph^^V 1 - 5 ]} 

> ^iow-^(eo)^ 5 , (17) 

for sufficiently large V, where gi(-) are ^-independent functions. 

In order to convert the above bound for the average into information about E T itself 
|T3|| , we evaluate the variance and follow the standard argument in the proof of Chebyshev 



inequality [|14 



From (LL3f), we see that 



(E T ) 2 = E ^HkQUe^- Ek+Ei - E - )T h(j,k)h(£,m), (18) 

j,k,£,m 

where h(j,j') = (cpj,UQ HUotfj'}- From the non-resonance condition for the spectrum of 
-ffinit, we see that the average e l( - E J~ Ek+Ee ~ Em ^ T is equal to 1 when j = k, I = m or j = m, 
k = £, and is vanishing otherwise. This means that 
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Noting that the first term in the right-hand side is equal to ( E T ) , we find that 



2 2 



X crO' 2 /'(./../')//(./'../: 



< {max |0'| 2 } E l&f<^ U^HUawKw, U^HU m ) 
= {max |^| 2 } J2 \£i\ 2 <<Pj, U^lPUaw) 

£ wr (20) 



where we used flD and H < E. Since ^i? r — i? T J is continuous in r, we see that for 
sufficiently large r max 

2 2 £ 2 

dr \E T -E r ) < — -. z— r . (21) 



''"max •'0 

Define 

/ = {r | < r < r max , |£ T - E T | < QV 1 -*}. (22) 



Let x[true] — 1 an d x[f a l se ] = 0- Then, by noting that x[\ x \ > x o] — ( x / x o) 2 i an d using (^T 
and (|I|), we see that 

''"max ''"max JO 

1 rr max \ E T - E T ^ 



< dr 



< 



W Jo [ C±V 1 - 5 

'E\ 2 2V 25 



y {c A yn v {e v) 



< 



exp 



Vs(e ) 



(23) 



where the final bound is valid for sufficiently large V. This is the bound (H) for the size of the 
exceptional set. Recalling (|TT|), we have proved the desired theorem with g 2 {-) = g-j{-) + C 4 . 
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